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NATTONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE NO. 1566

DAMPING IN PITCH AND ROLL OF TRIANGULAR
WINGS AT SUPERSONIC SPEEDS

By Clinton E. Brown and Mac C. Adams

SUMMARY

A method 1s derivsd for celculating the demping coefficients in
pltch and roll for a series of trisngular wings and a restricted series
of sweptback wings at supersonic speeds. The elementary "supersonic
gsourcs' golution of the linearized equation of motion is used to find
the potential function of a lins of doublets, and the flows are obtained
by surface dlstributions of these doublet lines. The damping derivatives
for triangular wings are found to be a function of the ratio of the
tangent of the apex angle to the tangent of the Mach eangle. As this
ratlo becomss equal to and greater than 1.0 for trianguler wings, the
demping derivatives, in pitch and in roll, become constent. The damping
derivative in roll becomes equal to one-half the valus calculated for
an infinite rectangular wing, and the damping derivative in pitch for
pltciing about the apex becomes equal to 3.375 times that of an
infinite rectangular wing.

INTRODUCTION

In reference 1, a straightforward method was found for calculating
the 11ft and the drag due to 1ift of triangular wings. The present
paper extends the method to the calculation of rolling and pitching
motions of the wings. The demping coefficients in roll and pitch for
the limiting case of very slender wings have been calculated (reference 2).
“he present theory is not limited by the size of the apex angle, and
triangular wings with leading edges ahead of and behind the Mach cone
originating at the apex of the wing are treated.

In the present theory, based on the linearized equations of motion,
the wing 1s represented by a doublet distribution which can bes shown to
be equivalent to a vortex distribution. An integral equation is found
which can be easily solved by analogy with known relations for two—
dimensional incompressible flow. The pressure distributions pressnted
may be used to calculate the demping coefficients of a limited ssorles of
wings for which the trailing edges are cut off so that they lie ahead of
the Mach cone springing from their foremost point.



NACA TN No. 1566

SYMBOLS

coordinates of field point (see fig. 1)

coordinates of a source or doublet

disturbance—potential function

potential of supersonic source

potential of supersonic source dlstribution
potential of supersonic doublet distribution
potential of a line of doublets

gource or doublet strength

tangent of half-epex angle

11ft coefficient M)

1.2
EpV S

Pitchi moment\
pitching-moment coefficient < tening IO en>

1 P
EpVSc

Rolling moment}

rolling-moment cosfficient
» %QVQSb

half of apsx angle of wing

doublet—line—distribution function

root chord

b/2
mean aserodynamic chord {T = g f (Locel chord)?® dy = %c
0

point about which the wing pltches
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M
p
v
oC
Cr, = L
9 dq8/2v
oC
¢ = !
P dpb/av
dCy
Cmq = -
dqc/av
vx
P
13

Mach number
density of fluild

free—-stream velocity

Incremental velocity component in x—direction

L
lifting—pressure coefficlent
L6v2

1fting pressuri>
2

Mach angle <?in*1 %)

x — pPyo

{ =
/1= BP2 2 — (52 + 22)

E'(BC)

wilng area

angular veloclty of pitch
angular velocity of roll
maximm span of wing
constant

gz—component of velocity

small quantity

. n/2
complete elliptic integral k/h V& — (1 - p2C2) sin®n dn |
0]
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F*(8C) complete elliptic integral f "/ dn .
0 /1- (1L~ p2C2) sin®n

Subscripts:

q pitching condition

P rolling conditlon

i incompressible

ANATYSIS

Solutions must be found that satlsfy the linearized differentlal
equation of a nonviscous compressible fluid written

2d°g 3% 3%
B 52 552 azg-o (1)

vhere x, y, z é&re Cartesian coordinates (see f1g. 1), and @ 1is the
disturbance-potential function created by the wing. An elementary
golution of this equation known as the potentlal of a supersonic source
may be written

(2)

¢o = =t
,/(x — xl)zr — 52(:, _ Y1)2 - p2(z — Z1)2

The quantity A 1s the strength coefficient of the source. New
golutions may be obtained by superposition of such potentials as shown
in reference 3. For exemple, a dlstribution of sources over a portlon
of the xy—plane would give the potential

y f‘ahfae —Alxy, 71) dxydy, (3)
> Vag Ve S -x)? 82G - yy)? - 6222

whers the limits chosen must be such that all sources will be located
within the forward Mach cone from the fleld point (x,y,z). Another
golution may now be obtained by differentiation with respect to any of
the coordinate directlons, that is,




NACA TN No. 1566 >

g - s
D 3z
= Z
% Yx - %) - By — 3y - R0

This solution, however, may be considered the vertical or z—component
velocity of the source—distribution potential ¢S, and as shown in
reference 3

¢D = iﬂA(x:Y)
2 ——> 0

(5)

The step taken 1n equation (4) also corresponds to the formation of a
doublet potential, that is, ¢D represents a distribution of doublets

over the xy—plane with strengths proportional to A(xl,yl). For any

known doublet distribution, the velocity component parallel to the surface
in any direction s may immedlately be obtained from equation (5)

ofp OA

s "8 T 3 (6)
+z—>0

The foregoing results are analogous to incompressible—flow relations and
it may be stated in general that for every doublet distribution there is

a vortex distribution which will produce a similar flow. The vortex
distribution and doublet distribution are directly related by equations (5)
end (6). These simple concepts, given first by Prandtl (reference 4), may
be used directly to obtain the solution of problems in which the pressure
distributions are given, such as airfolls of uniform loading. If the
equation of the surface 1s given and the pressure distribution is required,
integral equations must be solved. In certain cases, the problem may be
gimplified if the form of the final potential 1s known. In reference 2
the dlsturbance potential for wings of very low aspect ratio was found to
be 1n the form

g« 22(L5) (7)
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This form of the potential appears quite logical from the standpoint of
satisfying the boundary conditions for steady rolling or pitching. In
the following analysis, the assumption of a potential 1n the form of
equation (7) is shown to be correct; however, it should be polnted out
that the potential of this type must be restricted to the linearized
theory and 1s not of the same general nature as that of a conical field
which exlists even in the nonlinear problems.

From equation (7) the doublet distribution over the surface will

e in ths form
LAl
A = xl2f<-fi> (8)

and undser the assumptions of the linearized theory the lifting—pressure
coefficient 1s now:

hvx

2 F)2-0)

The formation of the integral equation follows the method of
reference 1. A potential that represents a line of doublets in the
xy—plane at an angle tan™ lg to the x-exis is derived in the form of
equation (7). Use is made of the boundary conditlons to set up an
integral equation that introduces the unknown distribution function (o).
The potential of the doublet line may be obtained by following a procedurs
gimilar to that used in obtaining equations (3) and (4), and by substituting
the expression for A given in equation (8) into equation (). The
expression obtained in the following equation may be seen to reprgsent a
1line of doublets along which the doublest strength increases as x3:

3 [* —x;3 dx
g = 1> 4
920 Yx - x1)2 - B2y — ox1 )2 — P22
2 _ p2
B z(x — oy 3 coth_ig _ ¢
(1 — pR0R)5/2 t2 -1

(1 - p26°)2 (10)

-
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where

(x — g2ay)

§=
V& - 22 Vie —~ B2(y2 + z2)

and x' 1e the value of x; for which the denomlnator of the integrand

vanishes., The potentlal of the complete wing may now be obtained by an
integration with respect to the dimensionless parameter o

Cc
¢ =d[;c £(o)@ do (11)

where tan—1C = ¢, the half-apex angle, and f£(o) is an unknown distri-—
bution function. The z—component veloclty w can be written for B %

approaching zero

BC ¢
_3 . pe(a)( ~ 8P00) 4 ¢ é(ce - 1>
w= o= x - 3202)5/2 3 coth™¢ —-ca Y -z Y d(Bo)
—BC
BC ‘/ _ a292
+ 2x\jp pr(o) V1 — £76 a(Bo) - (12)

—8C (1 - 3202)2

where 6 = L for convenlence. The boundary condltions for rolling may

now be written

or

= —pb (13)

®g
]

For pitching about the y—exis, there is obtained

W= —qX
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or -

= —q (14)

M=

Introduction of equations (13) and (14) into equation (12) provides
integral equations which theoretically can be solved for the unknown
function f(o). Simpler relations, however, may be obtained if
equation (12) is differentiated twice with respect to 6 to obtaln the

2 .
quantity é—égézl. The method for differentiating is indicated in the

appendix and gilves

— B8

i wfx) | Mm )[R Efﬁ(ed") 33¢(0) a(po)
362 n—>0 —pC (Bo — o)t

C "
P fa P32(o) A(po) | I:f 1(,6) . f(gi} s
L

B(o+n) (Bo — po)*

The boundary condltions requlre the foregoing quantity to be zero for
both rolling end pitching with the additional requirements on f£(o) that,

for rolling, at the point 6 = 0

(w/x), = 0 (16)
and, for pitching,
3w/x), f
—=0 (17)
36

Equation (15) now yields, for rolling,

P

(e ) C [ 1"
1im 6f —n) £(o), do . 6] £lop 4o _ L [f (©)p + f(e)P} = 0 (18) -
9+n) (0 —0)

0 Ve )" (

(0 — 86 n 13
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and, for pitching,

1im f(e-«]) £(o), do fC £(o) do £7(e), £(6),
7 (

— 6 -4 = 0 (19)
n—0 - (o - 6) * 6+1) (o — 9)h n * 73

Equations (18) and (19) are identical to the equations that would be
obtained for similar boundary conditions on a two—dimensional flat plate
if an analogous process of distributing the doublets were followed. (See
appendix.) The analogue for the rolling motion of a triangular wing
would be a two—dimensional flat plate rotating about its midchord point
in a stationary stream. The surface potential distribution and therefore
the doublet distribution would be

£(o), = Kyo J/c? — o2 (20)

For the pltching condition the analogue would be a two—dimensionsal
flat plate in a stream flowing normal to the surface. The potential or
doublet distribution would be

£(0)g = K, /2 — 2 (21)

These potentials, which can be found in references 2 and 5, satisfy
equations (18) and (19) by analogy; however, the conditions of equations (16)
and (%Z)/m%st be shown to be satisfied. For the calculations of (w/x)p
w/x
and ——55——2, and the evaluation of Kp and Kq, only one valus of @

need be consldered. This value may conveniently be set equal to zero. TFar
rolling motion, equation (20) indicates the doublet distribution to be
antisymmetric. Therefore the value of w/x at 6 = O must be zero, and
the condition of equation (16) 1s satisfied. For the pitching motion,

the doublet distribution is symmetrical about 6 = 0 and therefore the

quantity i%gézl-must be zero at 6 = O and the condition of equation (17)
is satisfied. ‘

The constants Ki and Kq may now be evaluated from the relations

obtained in the appendix for 6 = O
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1im BC v
% = —q = f 822 = 85  pornl /1 — B202 d(Bo)

n—>0 B¢ (1 _ B2(,2)5/2

C|/ 5 B(6—) '/22-— 242
+ 2K fﬁ B _'Bgc’2<3.([3cf)+KfC--‘rl p=C P a(Bo)

B3C 2n2 _ p2
*Kfﬁ /850" — B2 (poy - 22%a (22)

ad —
TJpoen) B2RQ - B202)° B

a6 P = 10 e (@ - g2a2)5/

alw/x) _ lim [ﬁp fﬁc BPR/pRc? — pPR | 1 VL = 8262 a(go)

. Q_Kpf e i 202 = 3202 4(s0) + 2KfB VORC" ~ B 4(po)

B(6+n)  B2°

f 8262//p2c2 - p2q2 4(po) — KprC V22 — 2o a(po)
0 (1 - p2eR)? +C (1 - A

(23)
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to give

1K

F*'(BC) and E'(BC
gecond kilnd.

wp

q

)

11

Equations (22) and (23) may be integrated by use of tables (reference 6)

2.2 2.2
2= P2 ' (s0) - —E2— ¥ (p0) (24)
1 - g=c 1 — p2c2
- 2.2 20
1-287¢C

2 — C*(8C) + —B—C—E——Q—F'(Bc) (25)
1l - g~=C 1 - B=C

are complete elliptic integrals of the first and

The pressure distribution for the rolling wing may now be obtalned
from equations (9), (20), and (24) and the pressure coefficlent is

Lxpc2e
. P = P (26)
2 2.2
v g_:;g_gi E'(BC) — __E_EE__ Fr(gc)|fc? — 62
. 1 - p2c? 1 - g°c°

Integration of the pressures over the wing surface gives the forces and

moments acting on the wing. The nondimensional derivative Cj; may then
be found P
Cy = - (27)
je o — p2c2 242
) —_—_‘32 5 B1(80) ~ —C— F*(pc)
1 - B°C 1l-p7C

In the analysle the pitching axis has been teken at the wing apex;
however, in application it 1s desirable to obtaln the pressure distribu—
tion and the force and moment coefficients for pitching about any point.

A superposition of motions 1s therefore required.

about any point Xo
apex of the wing combined with a vertical transletional motion of

velocity 9Xg-

The piltching motion
can be made up of a pure pltching motion about the

The pressure distribution for this translational motion

corresponds to that of a wing at a constant angle of attack of
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qx
- ”Vg (See references 1 and T.) The pressure distribution for the

constant angle of ettack —-g$r-is

—402¢x
0
P = (28)
VE! (8C) ;02 — 62
Combining equations (9), (21), (25), and (28) gives for the pressure
distribution in the pltching case
02
T 7 Jo2 — 62 [L—202C% by, B2 pi(go) XE(EC)
1 — poc° 1 - p2c?

Integration of the pressures over the wing surface and formation of the
nondimensional derivative ylelds

hyCx
CLq _ — 67C =7 - O_ (30)
—«B——‘ 2622 gr(po) + —E 2 pr(po) (PO
B C 1 - g=C
and .
—61tC<— - -—) lhthO(l - 1—5_9)
[o]
Cp = + (31)
q 22
E_ZLEE_E_.E!(Bc) + _________Fg(BC) SE*(BC)
1 - poce 1 - poc2 :

where T is the mean aerodynamic chord.

Calculations of these derivatives for triangular wings having thelr
leading edges outside the Mach cone are most easlly made by the source
distribution method. In this method, the upper and lower sides of the

-
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wing may be considered independent of each other. The source distribution
function for the rolling wing is

&p él,yD « Ky; (32)

whereas that for the pitching wing is

Sqél,YD < Kxy (33)

The calculation of the pressure distribution is not presented, since the
subJect of the integration of source distributions has been well covered
in reference 3.

The pressure distribution for rolling wings outside the Mach cone has
been calculeted to be

2 o a0

P = ae S 72 (1 + B2co) co.'s;_l %—i—E—gg - (1 - p2cH) cos™t %___E_gg

. w(p2Cc2 - :L)3 B(C + o) B(C - 8)
(34)

Integrating the pressures over the wing and expressing the derivative in
nondimensional form gives

Cy_ =~z (35)

For the pressure distribution due to pitching about the point Xy, @

combination of flow patterns must agasin be used. The pressure distribution

q
of a wing at uniform angle of attack -1?9 is (reference 3)

hgx C 2 2
P 0’ | a-1Ll-B%e 11+ p°%0 (36)

ﬂV,/BECQ _1 B(c - o) B(C + 6)

The pressure distribution for pitching then becomes
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o hqx |2BCY1 — p26° p3c3 —2pC - P65 1 + p2CH
VB | gRc2 — 1 (p2c2 — 1)3/2 B(C + o)

+ B3C3 - QBC + BG cos__l 1 - @2(}6
(32c2 — 1)3/2 B(c — o)

hqxsBC 2 )
—_ 0 COS—l M + COS—l }_:ﬂ.e_ (37)
Y82 — 1 B(C + 8) B(C — 6)
The nondimensional derivatives CL and Cm. then become
q q
8x
8 0
Oy =2 — — 8
Ly~ B o (38)
9 -8 — 8
=2 (-7
Cp = — + 1-= (39)
Tq B BE c

DISCUSSION AND CONCLUSIONS

Expressions for the lifting-pressure coefficlents over triangular
wings in roll are given in equations (26) and (34) and in pitch in
equations (29) and (37). Equations (26) and (29) are for wings
inside the Mach cone and equations (34) and (37) for wings outside
the Mach cone. Typical pressure distributions are shown in figure 2
in which the pressure distributions for the two wings in pitch are
for pitching about the apex. '

Expressions for the quantities C; , Cp , and C are glven in
lp’ “Ig mg

equations (27), (30), and (31), respectively, for the case of the wing

{nside the Mach cone and in equations (35), (38), and (39) for wings lying

outgside the Mach cone. It will be seen that the parameters BCZP, BC1, »
q

and BCmq mey be expressed as functions of BC where

-
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_ tan €

C =
B tan p

The stability derivatives may therefore be plotted agalnst this parameter,
to give curves which will hold for all trlangular wings at any Mach number.
These curves are given in figures 3, 4, and 5. For values of BC
approaching zero the values of the derivatives closely approach those
given in reference 2 which were based on the assumption of very low

aspect ratio.

For values of fBC 23 (that is, for the wing lying outside the Mach
cone), the quantitiles BCZP and BC, become constant, and equel to
q

- % and —1, respectively, (the pitching being about the %c point). In
comparison, the value of BCZP and chq for infinite—span, rectangular

wings are — % end — %, respectively, (the pitching being about the
leading edges).

It should be pointed out that the pressure distributions given in
this paper may be used directly to calculate the damping in pltch and
roll for wings having tralling edges cut off ahead of the Mach cone, the
most interesting of this series being the so—called "arrow wings."

It is apparent that a suction force exists at the leading edges of
wings in pitch and roll whenever the leading edges are swept behind the
Mach conse. A method for obtalning the values of these suction forces
wag derived 1n reference 1.

ILangley Memorial Aeronsutical Laboratory
National Advisory Committee for Aeronautics
langley Field, Va., December 12, 1947
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Figure 4.- Stability derivative CL about the %—c point for triangular wings.
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